Abstract. In this paper, by making use of one of Chen's theorems and the method of mathematical analysis, we refine Edwards-Child's inequality and solve a conjecture posed by Liu [6] .
Introduction and Main Results
For △ABC, let a, b, c denote the side-lengths, A, B, C the angles, p the semi-perimeter, R the circumradius and r the inradius, respectively.
Bottema et al. [1, pp.50, Theorem 5.8] once recorded the following so-called Edwards-Child's inequality in their monograph:
In 1999, Liu [5] considered the refinement of inequality (1.1) and posed the problem: Determine the best constant t for the inequality
In the same year, Huang [4] solved the above problem and obtained the best constant t = 6.829212418 · · · .
In 2000, Liu [6] posed a conjecture which sharpened inequality (1.1) as follows:
Conjecture 1.1. (LBQ 67) Prove or disprove the inequality:
The main object of this paper is to prove and refine inequality (1.3), and we obtain the following results. 
is the only positive real root of the equation f ′ (x) = 0, and x 0 ≈ 4.113537611 is the maximal real root of the following equation: 
(1.8)
Preliminary Results
In order to prove our main results, we shall require the following three lemmas.
Lemma 2.1. (see [2, 3, 8] ) The homogeneous inequality p ≧ (>)f 1 (R, r) in triangle holds if and only if
where t = cos B = cos C ∈ 1 2 , 1 . And the homogeneous inequality p ≦ (<)f 1 (R, r) holds if and only if (2.1) is reversed, where t = cos B = cos C ∈ 0, 1 2 . Lemma 2.2. (see [9, 10] ) Given a polynomial f (x) with real coefficients
if the number of the sign changes of the revised sign list of its discriminant sequence
is v, then, the number of the pairs of distinct conjugate imaginary roots of f (x) equals v. Furthermore, if the number of non-vanishing members of the revised sign list is l, then, the number of the distinct real roots of f (x) equals l − 2v.
Lemma 2.3. (see [10] ) Denote
and
If a 0 = 0 or b 0 = 0, then the polynomials F (x) and G(x) have the common roots if and only if
3. The Proof of Theorem 1.1
Proof. By Lemma 2.1, we know that inequality (1.4) can be written as follows:
If we let
and inequality (3.1) is equivalent to
We now split it into three cases to prove. (i) When x = 3, inequality (3.2) is an identity for λ ∈ R and △ABC is equilateral.
(
≦ 0, or x ≧ x 0 ≈ 4.113537611, then inequality (3.2) holds for λ ∈ R. (iii) When 3 < x < x 0 , we have 0 < 24(x 2 − 3) (x 2 + 3) 2 < 1, and inequality (3.2) is equivalent to λ ≦ f (x), where f (x) is given by (1.5). Calculating the derivative for f (x), we get
where
Now, we prove equation (3.3) has only one real root on interval (3, x 0 ). For g(x), we know that The revised sign list of the discriminant sequence of p(x) is
So the number of the sign changes of the revised sign list of (3.4) is 9. By Lemma 2.2, we know that the number of the pairs of distinct conjugate imaginary roots of p(x) are 9. Namely, p(x) = 0 has no real root, then p(x) > 0 for x ∈ R. With p(x) > 0 for x ∈ R, g (4) (x) < 0 for x ∈ (3, x 0 ), then g ′′′ (x) is strictly decreasing on (3, x 0 ). And for g ′′′ (3) = 3 > 0 and g ′′′ (4) = 6 ln 312 361 − 106269606 61009 + 12 ln 2 13 < 0, we conclude that g ′′′ (x) = 0 has only one real root x 4 ≈ 3.016763142 on (3, x 0 ). So g ′′ (x) is strictly increasing on (3, x 4 ), and decreasing on (x 4 , x 0 ). Similarly, we deduce that g (j) (x) = 0 (0 ≦ j ≦ 2) have only one real root x j+1 (0 ≦ j ≦ 2) on (3, x 0 ), respectively. Therefore, we know that f ′ (x) = 0 has only one real root x 1 ≈ 3.067873979 ∈ (3, x 0 ), and
By Lemma 2.1, we find that the equality in (1.4) is valid when △ABC is an isoceles triangle, and if we let b = c = 1, then
Namely, the equality in ( 
The Proof of Theorem 1.2
Proof. By Lemma 2.1, we know that inequality (1.6) is equivalent to
For t = 1 2 , (4.1) obviously holds and △ABC is equilateral. If
Therefore, we get h ′ (t) = 5120t 12 − 14336t 11 + 1024t 10 + 30720t 9 − 25600t 8 − 10240t 7 + 19456t 6 − 6144t
Let h ′ (t) = 0, we obtain 5120t 12 − 14336t 11 + 1024t 10 + 30720t
It is easy to see that the roots of equation (4.3) must be the roots of the following equation:
where p 2 (t) is given by (1.8).
The revised sign list of the discriminant sequence of p 2 (t) is (4.5) [1, 1, 1, −1, −1, 1, −1, −1, −1, 1, 1, 1, −1, 1, 1, 1, −1, −1, 1, 1] .
So the number of the sign changes of the revised sign list of (4.5) is 8, by Lemma 2.2, the equation p 2 (t) = 0 has 4 distinct real roots. By using the function "fsolve()" in Maple 9.0, we can obtain the approximation of 2 distinct real roots t 1 ≈ 0.5194285605 and t 2 ≈ 0.8281776966 on open interval 1 2 , 1 . But t 2 does not satisfy equation (4.3), which implies that it is an extraneous root. Hence, it follows that
We now prove h(t 1 ) is the root of equation (3.1). We consider the nonlinear algebraic equation system as follows:
where p 2 (t) is given by (1.8) and So the number of the sign changes of the revised sign list of (4.11) is 16, by Lemma 2.2, the equation p 5 (k) = 0 has 8 distinct real roots. And making use of the function "realroot()" [7] in Maple 9.0, we know that the equation p 5 (k) = 0 has 8 distinct real roots in the following intervals: . From (4.6), we find that h(t 1 ) is the root of the equation p 4 (k) = 0. Namely, h(t 1 ) is the root of the equation (1.7) .
Furthermore, by the similar arguments of the last part of the proof of Theorem 1.1, we can easily get the necessary and sufficient conditions on the equality in (1.6).
We thus complete the proof of Theorem 1.2.
